IRA J. PAPICK (a) each overring of R is semilocal) (b) each GD overring of R is open; (c) R is an open Priifer domain.
Proof. It suffices to show that R is semilocal. For each Pe Spec (R), RQR P is a fiat extension of finite type, and thus R P is a finitely presented i?-algebra [11, Corollaire (3. 4. 7) ]. But [10, Proposition (7. 3.10) ] implies that RQR P is an open extension for each Pe Spec (R). An application of fl6, Proposition 3.3J completes part (a).
(b) Let T be a GD overring of R.
That T is open is immediate from [16, Lemma 3.1] . (Notice that (b) also follows from [16, Theorem 3.16] with [16, Proposition 3.14] .) (c) This is a direct consequence of [16, Lemma 2.33] ( [16, Proposition 2.26 
]).
We include an alternate proof of (c) which provides another view of the underlying ideas present. (This proof, combined with Theorem 2, shows that each valuation overring is of finite type iff each overring is of finite type, where R is integrally closed.)
We may assume R is integrally closed and local with maximal ideal M. Let 7 be a dominating valuation overring of R with maximal ideal N. Since V is GD, (b) gives that V is open, hence fibpr(M) has a least element, say P. Thus, RQ V F is quasi-finite at PV P . Hence R = R M = (V F ) RXM [9, Proposition 4, P. 43] . Whence, R is a valuation domain, and the proof is complete [16, Corollary 3.17] . THEOREM 
Let R be integrally closed. The following are equivalent: (a) R is an open Priifer domain. (b) RQT is simple for each RQTQK. (c) RQT is of finite type for each RQTQK. (d) RξZ T is finitely presented as an R-algehra for each R £ TQK.
Proof, (b) ==> (c) is clear. Proposition l(c) combined with [11, Corollaire (3.4.7) ] shows that (c) => (d). Another application of Proposition l(c) gives (d) ==> (a). We focus our attention on (a) ==> (b). Consider R^T^K, and let N 19 •••, N r be the maximal ideals of T [16, Corollary 4.12] .
Let W = {P 6 Spec (R): P^N t f\R for each l^ΐ^ r). We claim W Φ 0. Suppose W = 0. Thus each maximal ideal in R equals iV, n R for some i. Hence RQT satisfies LO, since R Q T is flat and thus going-down. Therefore R = T [20, Proposition 2] , contradicting our original assumption. Let Q = f\ Pew P and observe that Q g Uί=i N t Π R. For if Q C Uί=i N t Π #, then Q £ iSΓ. Π -B, some i, and an application of [18, Proposition 6] , however, with respect to condition (a) it is easy to find a counter-example. For example, let 7 be a valuation ring whose spectrum is not wellordered under inclusion. Then, each overring of V is local, yet Theorem 2 shows that some extension of R is not of finite type over R.
(ii) We would not expect conditions (a), (b), or (c) to imply that each overring of R is of finite type over R for a nonintegrally closed R; moreover, we can find a nonintegrally closed R satisfying (a), (b), and (c), yet having a nonfinite type extension. For example, let R be a local, 1-dim., Noetherian domain such that R is not a finitely generated i2-module. A direct appeal to [16, Proposition 3.20] shows that R satisfies (a), (b), and (c). F = k(x, y) . Define the valuation rings W = k + xW and V = k + yV as in [17, Example 2.28] . Let T = FίΊ W and R = fc + J(Γ) r where J(Γ) is the Jacobson radical of T. It follows, [8, Example 4.3] , that each overring of R distinct from R contains T and R = T. Hence T is finitely generated as a module over i?. But, Theorem 2 gives that each overring of T is of finite type over T; hence, each overring of R is of finite type over R, being a composition of a finite extension and a finite type extension. REMARK 5. The domains of Theorem 2 (Liί-domains, (local homeomorphism)) arise naturally in another setting [16, Lemma 4.13] . For a topologically related study of such domains and their generalizations, see [16] .
2» Coherence and finite type extensions* Recall [4] that a commutative ring is called coherent if each finitely generated ideal is finitely presented.
We start this section with a useful lemma, which in essence is a direct consequence of a beautiful theorem of Gruson and Raynaud. In § 1, we observed that in the integrally closed case, the assumption that each overring be of finite type over R, guaranteed the presence of coherence. Example 11 of this section shows that in the nonintegrally closed case, coherence is not always present. Thus, as some of our applications and interests deal specifically with coherent domains, we initiate in this short section the study of coherent domains R, each of whose overrings are of finite type over R. LEMMA 
Let RQ T be domains, and let T be a finitely presented R-module. Then, R is coherent if and only if T is coherent.
Proof. The "only if" part follows directly from [12, Corollary 1.2] . For the converse, we use the criterion in [4, Theorem 2.1(a)]; i.e., we show that the product of any family {AjijeJ} of flat Rmodules is flat. As each A 3 (g)^ T is Γ-flat and T is coherent, Π(Aj ®i2 T) is T-flat. However, since T is finitely presented over R, the canonical homomorphism (ΠAj)
That ΠA ά is iϋ-flat, now follows from the remarkable theorem of Gruson and Raynaud [11, Theoreme (1. 2. 4) ], and hence the proof is complete.
REMARK 7. Example 11 shows that the assumption of finite presentation is needed in Lemma 6. Lemma 6 can be viewed as the coherent analogue of Eakin's theorem [10, Proposition (6.4.9) ], since the same proof shows the conclusion is valid for RQT commutative rings with identity. REMARK 8. Lemma 6 could be used in the proof of [6, Theorem Proof. Let T be an arbitrary overring of R.
(a). Let R f be the integral closure of R in T. Since RζZR' is a finite extension, R' is coherent [12, Corollary 1.5] . [16, Proposition 2.26 ] combined with Proposition l(c) implies that R' Q T is a quasi-finite extension. Directly applying [19, Proposition 4, p. 43] and the proof of [20, Theorem 2] shows that R τ £Γ is flat, and [9, Proposition 2.2] completes part (a).
(b). Again consider RQR'<^T.
AS R is coherent and RQR'Q K, where R r is a finitely generated .B-module, it is straightforward to verify that R f is a finitely presented iϋ-module. Hence R ! is a finitely presented ϋ?-algebra [10, Corollary (6.3.7) ]. Also, as in (a), R'QT is flat and of finite type, so I 7 is a finitely presented ίJ'-algebra [11, Corollaire (3.4.7) ]. Therefore, T is a finitely presented i?-algebra [10, (6. 3. 5) ]. [21, Corollary (4.6) [10, (6.3.5) , Proposition (I, 6.2.10)], so Lemma 6 implies that R[x lf •••,#«] is coherent, completing the proof.
(c). By Proposition l(c) we have
EXAMPLE AND A CONVERSE 10. It would indeed be nice if conditions (a), (b), or (c) of Proposition 9 were sufficient as well as necessary. This is the case for (b), yet is not true for (a) and (c). The example in 3(ii) provides a domain satisfying (a) and (c) but having a nonfinite type extension. If we try to achieve converses of (a) and (c) by imposing an integrally closed condition, we still do not succeed. For let J? be a nonopen Prϋfer domain, e.g., the integers. Then certainly conditions (a) and (c) are satisfied, yet Theorem 2 shows that R must have a nonfinite type extension.
We now show that (b) is sufficient in Proposition 9. Clearly, it is enough to show that R is coherent. Proposition l(c) implies that R is coherent and we are assuming R is a finitely presented i2-module. Hence, by Lemma 6, we conclude that R is coherent.
Finally, we mention that Proposition 9(c) combined with a standard direct limit argument [3, Exercise 12e, p. 44] shows that the ring of polynomials in an arbitrary number of indeterminates over a domain R satisfying the hypothesis of Proposition 9 is coherent. EXAMPLE 11. The following example shows that the coherence assumption is needed in Proposition 9, i.e., we construct a noncoherent domain R each of whose overrings are of finite type over R. Let L be a finite field extension of the field fc, and let V be an open valuation ring of the form L + M, where M is the maximal ideal of V and is nonfinitely generated. (See [6] and [17] for specific construction.) Let R = k + M. Then, [6, Theorem 3] shows that R is not coherent, yet each over ring of R is of finite type over R, since each compares with V [1, Theorem 3.1].
EXAMPLE 12. The purpose of this example is to present the reader with an interesting class of domains satisfying the hypothesis of Proposition 9. As in Example 11, let [L: k] < oo and let V = L + M, but in this case take M to be finitely generated. Then, [6, Theorem 3] shows R = k + M is coherent and as in Example 11, each overring of R is of finite type over R.
3* Very finite extensions. In this final section we give a positive partial answer to a question of Vasconcelos, namely: is the integral closure of a 1-dimensional, local coherent domain a Prϋfer domain? We also give some applications to § § 1 and 2.
We call an extension Rξ^T where T is an overring of R and T is a finitely generated i?-module, a very finite extension if S is a finitely generated ίϋ-module for each overring S satisfying i?£ SQT.
Examples of such extensions are module-finite overrings of arbitrary Noetherian domains, finite minimal homomorphisms as defined in [7] and extensions arising via the D + ikf-construction (e.g., see Example 11) . Recall, that an extension RQ T is called an Lfl-extension if the contraction map Spec (Γ) -» Spec (R) is a local homeomorphism, and R is called an Liϊ-domain if R £ T is an LH-extension for each overring T of R [16, § 4] . LEMMA 
Let RQSζ^T be domains such that T is a finitely presented R-module. Then, T is a finitely presented S-module if and only if S is a finitely generated R-module.
Proof. The "if" part follows from [13, II. Appendix F. 4] and [10, Proposition (6.2.10) ]. As for the "only if" part, let / be a set with card (/) = card (S), and for each i e/, let B t = R. A straightforward calculation shows that for S to be a finitely generated Rmodule it is sufficient to show that the canonical map {ΠR^ <& B S -• Π{R % ® R S) is onto. (It is also necessary, [2, Exercise 3(a), p. 396].) Let L be the cokernel of this map and consider the exact sequence
where S t ~ S for each i. Tensor this sequence with T over S and get the following commutative diagram:
Since the two verticle columns are exact and the bottom row is exact [3, Exercise 9(a), p. 43], we have L® S Γ=O. Hence, L is a flat S-module with torsion [11, Theoreme (1.2.4) .] Therefore, L = 0.
COROLLARY 14. Let R be coherent and let T be a proper overring of R which is finitely generated as an R-module. The following are equivalent: (a) JίgΓ is very finite. (b) Each domain S, R C S S T, is a finitely presented Rmodule. (c) Each domain S, R £ S £ T, is coherent. (d) T is finitely presented as a module over each subdomain of T containing R.
Proof, (a) => (b) follows as in part of the proof of Proposition 9(b), and (b) => (c) is immediate from [12, Corollary 1.5] . Assume (c) and let S be a subdomain of T containing 22. Arguing as in Proposition 9(b), we deduce that T is a finitely presented S-module, and so (c) => (d Let N denote the maximal ideal of R. We consider 2 cases: Case 1. t > 1. Let J denote the Jacobson radical of T, and consider the overring R + J of R. Let us observe that R + J is a local domain with maximal ideal J and that R + J is coherent by Corollary 14. Hence, [17, Proposition 1] implies that J is a finitely generated R + J-module and thus R + J is Noetherian by Cohen's theorem. (One could also deduce that J is a finitely generated R + /-module by realizing that J is a finite intersection of conductors of the form (a: &).) We now apply Eakin's theorem [10, Proposition (6.4.9) ] to get R Noetherian.
Note that the proof of case (1) holds when t S 1 and 22 + JgΞT.
Case 2. t = 1 and T = R + M. We claim that NT Φ M. Assume NT = M, and note that T = R + NT. But Nakayama's lemma implies that T = R, a contradiction. Hence NT gΞ M and thus R + NT Φ T. Since R + NT is a local domain with maximal ideal NT dominating N, the maximal ideal of R f we argue as in Case 1 to obtain the desired conclusion.
We globalize Theorem 15 in the following corollary. COROLLARY 
If R is 1-dimensional, coherent, and if for each P 6 Spec (22) where R P is not integrally closed, R P has a very finite extension, then (a) R P is either a Noetherian domain or a valuation domain for each P e Spec (R).
(b) R is a Prϋfer domain.
Proof. Part (a) is a consequence of Theorem 15 and the remark preceding that theorem. As for (b), let M be a maximal ideal of Secondly, we remark that the proof of Theorem 15 combined with the Chinese Remainder Theorem shows that if R is local, coherent and if R has a very finite extension, R §Ξ T, where T is not local, then the maximal ideals of T are finitely generated.
We complete this paper by studying conditions on R and its overrings which force each overring to be of finite type over R. Our results in this direction deal with LiJ-domains. See [16, § 4] for workable characterizations of Liί-domains. We first give a useful lemma which generalizes [5, Corollary 4] and [14, Exercise 15, p. 74 [15, Theorem 2] . The proof of [20, Theorem 2] shows that R Q T is flat. LEMMA 
Let R be open. If R Q T is a fiat extension, where T is an overring of R, then T = B[l/a], for some a in R. (Hence, T is finitely presented as an R-algebra.)
Proof. Since R is open and R Q T is an ΐ-extension [16, Remark 2.4] , we have that T is open [16, Corollary 3.11] , and hence semilocal. Aping the proof of Theorem 2, (a) => (b), we obtain the desired conclusion. THEROEM 
If R is a coherent LH-domain and R is integrally closed or R £ R is very finite, then each overring of R is a finitely presented R-algebra.
Proof. If R is integrally closed, then R is an open Prϋfer domain [16, Lemma 4.13] , and so Theorem 2 handles this part. Assume R £ R is very finite, and let T be a proper overring of R. Denote the integral closure of R in T by R\ We may assume R'ζk T. Observe that R f is coherent [12, Corollary 1.5] and R f is open [16, Corollary 3.11] . Lemma 18 shows that R' §Ξ T is flat extension and Lemma 19 combined with the first part of the proof of Proposition 9(b) completes this proof. We now indicate the significance of the LH assumption in Theorem 20. If we do not assume R is an Liϊ-domain yet let the other assumptions remain the same, (coherence is a necessary condition, Converse 10) then the desired finiteness conclusion does not necessarily follow. For example, let R be a 2-dimensional, integrally closed Noetherian domain. Theorem 2 shows that R has a nonfinite type overring. Similarly, let R be a 2-dimensional Noetherian domain such that R ^ R is very finite. Proposition l(c) shows that R must have a nonfinite type extension. (The quotient field of R is an easy example of such an extension.) Although Theorem 20 does not admit a converse, we can view it as a characterization of those Liϊ-domains satisfying the desired finiteness condition. Proof. The "only if" part follows from Proposition l(c) and Proposition l(a) with Converse 10. Theorem 2 shows that condition (a) is sufficient. Assume (b). Let Γ be a proper overring of R and let R' denote the integral closure of R in T. We may assume R f §Ξ T. Since R' is 1-dimensional, coherent and R' is integrally closed in T, an appeal to Lemma 18 proves that R f £ T is a flat extension. By [16, Theorem 3.16] we deduce that R' is open, and hence an application of Lemma 19 completes the proof.
REMARK 24. Note that (b) in Proposition 23 combined with the 1-dimensional hypothesis and [16, § 4] implies that such an R is a coherent Liί-domain (compare with Remark 21) . Hence Proposition 23 can be viewed as a corollary of Corollary 22. It is also interesting to note that two of the conditions in (b) in conjunction with the 1-dimensional assumption satisfy the hypotheses of Corollary 16. More specifically, if R is 1-dimensional, coherent, and R gi R is very finite, then we obtain conclusion (a) of Corollary 16. To see this, it is enough to show that when R P §Ξ R p , then R P gΞ R P is a very finite extension. Clearly, R P is a finitely generated JS P -module. Let S be a domain such that R P Q S £ R P and observe that (S Π R) R/P = S B/P , hence is a finitely generated i? P -module. Thus S is a finitely generated i? P -module, which proves the claim.
We conclude this paper with a corollary to Proposition 23. (c) R is 1-dimensional, semilocal and R §Ξ R is finite or R is 1-dimensional, semilocal, and integrally closed. Proof, (a) =* (b) by Proposition 9 and (c) => (a) by Proposition 23 and Theorem 2 combined with [16, Proposition 3.20] . Assume (b). If R is integrally closed, then an application of Theorem 2 and [16, Proposition 3.20] gives the second condition in part (c), so assume R £ R. By assumption R §Ξ R is very finite and that R is semilocal and 1-dimensional follows from Proposition l(a) and (c).
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